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Today's devies for quantum omputing are still far from implementing useful and powerful quan-
tum algorithms. Deoherene and the wish to resist the eets of errors in a system of quantum
bits inurs a lot of overhead in the number of gates and qubits. From a theoretial perspetive,
ontrolled quantum simulation raises the hope to simulate the unitary quantum operationes gener-
ated by a Hamiltonian with 3-body interation with a suitably designed element that is onstruted
of only 2-body interations. That replaement would happen without any additional gates, and its
possibility would be due to the ambiguity of the unit element of the Lie group onneted with the
algebra of traeless hermitian matries. We show that this hope is void, and give a general proof
for this for any order of interation.
INTRODUCTION
The outstanding properties of exponentiality, fast a-
ess, universality, branhing and interferene in onne-
tion with omplex amplitudes as a whole give reason to
hope that new lasses of problems an be solved with
quantum omputation in ontrast to the onventional
von-Neumann mahines [1, 2℄. However, in all those
optimisti visisons of straight-forward developments of
quantum omputing, one has to fae the unavoidable ef-
fets of deoherene. Nowadays, in the presene of the
broadly investigated eld of error orretion, the view
in dealing with the diulties of deoherene ould be
too optimisti. In partiular, a high amount of entan-
glement, whih seems to be essential for good quantum
algorithms, is very sensitive for deoherene eets [3℄.
Of ourse, it is indeed possible to protet quantum states
against unwanted inuenes with error orreting odes
and fault-tolerant quantum algorithms, but there is a
high prie to be paid in an enormous overhead of gates
and qubits required to store and proeed redundant in-
formation. This overhead is aeptable however as long
as the error rate per gate, the auray threshhold, is
under a ertain ritial value [4, 5℄.
A rough estimation of the gate number required for im-
plementing the quantum fourier transformation (see [6℄
for instane), whih is a major omponent in Shor's well
known fatoring algorithm [7℄, shows that for n qubits
no fewer than n Hardarmard gates plus 1
2
(n2 − n) on-
trolled phase gates are required [6℄. For the more essen-
tial Modulo operation, many more gates, at the order
of n3 [8℄, have to be onsidered. So for a useful fa-
torization of a big number, say of 1000 bits, it is very
likely that hundreds of millions of gates need to be ap-
plied, and this number will be further inreased mas-
sively (albeit polynominally) by error orretion. Very
reent investigation shows how arhiteture [8℄ and er-
ror orretion [9℄ aet the omputation time of Shor's
algorithm. Ion-trap experiments, being good realization
andidates, show gate operation times from 10−14 s up
to miroseonds, whereas typial deoherene time τ is
about one seond. Reent experiments by the group of
Rainer Blatt in Innsbruk [10℄ ome up with τ = 10 s for
40
Ca-Ions. In nulear magneti resonane (NMR) exper-
iments, another very good andidate, deoherene time
ould be even muh longer, up to 108 seonds, but the
operation time per gate also inreases to milliseonds [6℄.
Lloyd mentions deoherene time for NMR in suh a long
range as years [11℄ under optimal onditions. Of ourse,
these values show that up to 1014 operations and more
might be possible in these systems, but only under really
optimal irumstanes. However, the mutually inuenes
of deoherene, error orretion, gate ount, qubit ount,
auray threshhold and operation time (all in strong ar-
hitetural dependeny) results in a situtation that seems
to be far from implementing really pratial and powerful
quantum algorithms within large quantum systems and
realisti deoherene times.
But not only these rather tehnial restrition have to
be taken into aount for realizing a quantum omputer.
As we shall outline, the operations that at on multi-
ple qubits simultaniously, whih our in various algo-
rithms, are generated from unphysial Hamiltonians as
well. The standard onstrution method of taking log-
arithms of unitary operators reveals Hamiltonians with
multipartite interation terms. Of ourse, arbitrary n-bit
quantum gates an be expressed as ompositions of 2-bit
quantum gates, and this universality is well developed in
its basis [12, 13, 14, 15, 16, 17, 18℄ and optimizations
(see for instane the work of Zhang et al. [19, 20, 21, 22℄).
Unfortunately, this happens at the ost of inreasing gate
numbers, whih is ritial as outlined above. Wouldn't it
be nie to have a replaement of suh Hamiltonians by a
single realisti one? There appears to be hope to do so,
as we will disuss in the next setion, but in the rest of
the paper we shall prove the ontrary.
2CONSTRUCTING HAMILTONIANS FROM
UNITARY OPERATIONS
In the following we will introdue the problem of the
representation of a unitary operation (as an element of
the unitary group U(2n)) by the exponential of a suitable
Hamiltonian (as an element of the Lie algebra u(2n)). As
an example we onsider the CNOT operation represented
by the unitary matrix


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


also given by the Lie algebra element
itH = i
pi
4
(1 − σz)⊗ (1 − σx)
where σx, σz are the Pauli matries and 1 is the 2 × 2
unit matrix. From the physial point of view, every uni-
tary operation must be generated by a Hamiltonian with
respet to a speial time. In our example we have
CNOT = exp(iHt)
with t = pi/4 andHCNOT = (1−σz)⊗(1−σx) = σz⊗σx−
σz⊗1−1⊗σx+1⊗1 . This Hamiltonian an be physially
interpreted as a spin system with 2-spin interation given
by σz⊗σx in an exterior eld σz⊗1+1⊗σx. For a 3-qubit
operation like the Tooli gate we obtain (t = pi/8):
HT = (1 − σz)⊗ (1 − σz)⊗ (1 − σx)
= 1 ⊗ (1 − σz)⊗ (1 − σx)
− (σz ⊗ 1 ⊗ 1 ) + (σz ⊗ 1 ⊗ σx)
+ (σz ⊗ σz ⊗ 1 )− (σz ⊗ σz ⊗ σx)
and thus a 3-spin interation σz ⊗σz ⊗ σx. But an inter-
ation between 3 onstituents is artiial in nature [31℄
and only possible under very restrited onditions.
Representations of Hamiltonians in terms of eigenen-
ergies may be related to representations in terms of Pauli
spin matries σz muh more generally [23℄. Assume an
Hamiltonian in its eigenstruture. It an be written as
H =
∞∑
k=0
εk|ψk〉〈ψk|.
Here, the |ψk〉 are the omplete set of orthogonal eigen-
states and the {εi} are the energy eigenvalues. For simu-
lation in an n-qubit system let us trunate the sum to
the rst 2n ernergie levels. Then we have
H =
2
n
−1∑
k=0
εk|ψk〉〈ψk|
=
2
n
−1∑
k=0
αk (σz)
νk
1 ⊗ (σz)
νk
2 ⊗ · · · ⊗ (σz)
νk
n ,
where the {αi} are real numbers representing oupling
strength and the {νki } are the binary representation digits
for the integer k, thus take on the values {0, 1}. It turns
out that the vetors ε and α are related by the matrix
equation ε =Mα withM as the Hardamard matrix for
n qubits. For example, for two qubits, we have:
M =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 .
One the arbitrary Hamiltonian is expressed in terms of
many-body interations σz ⊗σz⊗ · · ·⊗σz, it an be bro-
ken down in terms of available external and internal (two-
body) Hamiltonians. Control theory enables us, further-
more, to simulate arbitrary Hamiltonians by those that
are predetermined by some appropriate experiment [24℄.
At this point we want to briey introdue the de-
omposition tehniques of Khaneja et al. [25, 26℄ as
an interesting theoretial approah to universality. As-
sume an element of the speial unitary group desrib-
ing qubit evolution, U ∈ SU(2n). It is always possi-
ble to deompose it into U = K1AK2 where K1,K2 ∈
SU(2n−1)⊗ SU(2n−1)⊗U(1) as long as A is an element
of the so-alled Cartan subalgebra of the Riemann sym-
metri spae
SU(2n)
SU(2n−1)⊗ SU(2n−1)⊗ U(1)
.
One should note that this is reursive, beause then
we an further deompose K1 and K2 in SU(2
n−2) ⊗
SU(2n−2)⊗U(1) and so on, down to elements of SU(2)⊗
SU(2). This deomposition ist based on the parametriza-
tion of SU(2n) with anonial parameters of the seond
kind [27℄. Suppose U ∈ SU(2), then we an express any
element in two ways
1. U = exp
[
−i(α1σx + α2σy + α3σz)
]
2. U = exp(−iβ1σx) exp(−iβ2σy) exp(−iβ3σz)
with αi, βi ∈ R. This oinides with the two kinds of
anonial parameters, and it would be promising to look
for an deomposition tehnique that suits the rst of the
above standart parameterizations. Atually, suh a de-
omposition is the goal of our investigation to implement
a 3-qubit operation with a single 2-partile Hamiltonian.
Remember that in the ase of SU(8), terms of 3-partile
interations (like in the Tooli-Hamiltonian above) and
terms of 2-partile interations are orthogonal in their
algebra su(8) as they are dierent basis elements. Based
on that fat our goal may appear out of reah, but there
is an ambiguity in the exponential!
Consider the eigenvalues λ1, . . . , λ2n of the Hamilto-
nian H and the unitary matrix A of eigenvetors diag-
onalizing H = A(diag(λ1, . . . , λ2n))A
+. Then the expo-
nential exp(iHt) an be written as
exp(iHt) = A(diag(eiλ1t, . . . , eiλ2n t))A+
3and we an shift every eigenvalue λkt+2pink by an integer
nk so that the exponential is unhanged. We denote this
shift by
N = 2piA(diag(n1, . . . , n2n))A
+
with [H,N ] = 0 and exp(iN) = 1 . Thus, we obtain
exp(iHt) = exp(iHt+ iN) .
Now we onsider a 3-qubit system. Let H be a Hamilto-
nian with 3-spin interations and h a Hamiltonian with
2-spin interations dened for a 3-qubit system. By the
ambiguity above, there is perhaps a shift N so that
Ht = ht′ +N =⇒ exp(iHt− iht′) = exp(iN) = 1
=⇒ exp(iHt) = exp(iht′) = U
and we ask for the existene of suh a shift N with
[(Ht − ht′), N ] = 0. We want to emphasize here that
this is not a trivial question and it is not obvious what's
oming out at the end. Anyhow, we must dispel the hope
that suh an N exists and we will prove it for any order
in the next setion.
THE NO-GO THEOREM
In this setion we will onsider the following situation:
an n-qubit system with state spae C2
n
and a unitary
operation U lying in U(2n). Furthermore, we have a
Hamiltonian H with n-spin interation and a Hamilto-
nian h with (n−1)-spin interation. Assume
U = exp(iH) ,
then we will show that there is no Hamiltonian h with
U = exp(iH) = exp(ih) ,
i.e. every unitary operation U ∈ U(2n) an only be rep-
resented by a Hamiltonian with n-spin interation. For
a warm-up example, we start with the rst non-trivial
ase n = 2 and state that no unitary 2-qubit operation
U generated by H an be also generated by h. To prove
this we begin with the assumption that by denition the
exponential of a 2-spin interation given by H = σi⊗σj ,
i, j ∈ {x, y, z}, an never be deomposed as
exp(σi ⊗ σj) 6= A⊗B A,B ∈ U(2) , (1)
otherwise the 2-qubit operation is deomposible by 1-
qubit operations. Furthermore, every 1-spin interation
is given by h = σj ⊗ 1 + 1 ⊗ σi, and we have
exp(ih) = exp
[
i(σj ⊗ 1 + 1 ⊗ σi)
]
= exp(iσj ⊗ 1 ) exp(i1 ⊗ σi)
= exp(iσj)⊗ 1 )(1 ⊗ exp(iσi)
= exp(iσj)⊗ exp(iσi) ,
but that ontradits (1).
We showed that no non-trivial unitary operation gen-
erated by 2-spin interations an also be generated by
1-spin interations (whih physially represents an exte-
rior eld that ats on the spin system). Ok, this might be
no suprise beause no interation whatsoever was allowed
here.
No-Go-Theorem for Hamiltonian representa-
tions: No unitary n-qubit operation U (n > 2) generated
by a Hamiltonian H with n-spin interations an be gen-
erated by a Hamiltonian h with (n−1)-spin interations
as well so that the relation
U = exp(iH) = exp(ih) (2)
is fullled.
Proof: Consider a Hamiltonian H2n as an element
of the Lie algebra u(2n) and a Hamiltonian H2n−1 as an
element of the Lie algebra u(2n − 1). We will prove that
an element U of the unitary group U(2n) generated by
H2n an never be generated by E(H2n−1) with respet to
all embeddings E : u(2n−1)→ u(2n). Then the theorem
follows by using 2n−1 times that result. In the following
we use the abbreviation k = 2n.
Consider a family of Hamiltonians Hk(a1, . . . , ak2)
parametrized by k2 parameters whih is the dimension
of the Lie algebra u(k), i.e. we have a map Hk : U(k)→
u(k) from the oordinates of the Lie group (seen as
smooth manifold with group operation) to the Lie al-
gebra (seen as tangent spae of the Lie group) [27℄. The
tangent bundle TU(k) of the Lie group is trivial, i.e.
TU(k) = U(k) × u(k). Thus the map Hk extends to
a map Hk : U(k) → TU(k), i.e. Hk is a vetor eld on
U(k). By the same argument we an interpret Hk−1 as
a vetor eld on U(k− 1). By the simple algebrai argu-
ment of linear independene, both vetor elds Hk and
E(Hk−1) disagree, i.e.
Hk 6= E(Hk−1) . (3)
By using the assumption (2) and the linear independene
(3) we have
exp(iHk) = exp
[
iE(Hk−1)
]
=⇒ Hk − E(Hk−1) = Nk ,
where Nk is a vetor eld that depends on k
2−(k−1)2 =
2k−1 parameters. Then we an interpret the vetor eld
Nk as vetor eld on U(k) modulo U(k − 1) or as vetor
eld on the oset spae U(k)/U(k−1), i.e. for a xed Hk,
the variation of Nk with respet to E(Hk−1) is expressed
by this oset spae U(k)/U(k − 1). The denition of
this spae is given by the fat that the group U(k − 1)
ats on U(k), and two elements g1, g2 ∈ U(k) are said
to be equivalent if and only if an element G ∈ U(k − 1)
with g2 = Gg1 exists. Then the equivalene lasses are
denoted by U(k)/U(k − 1). It is a well-known fat [28℄
that U(k)/U(k−1) = S2k−1, i.e. the (2k−1)-dimensional
4sphere. Now, if we an show that the vetor eld Nk
vanish at some point then we an shift this vanishing
point at every plae to show that
Hk − E(Hk−1) = 0 ,
thus ontraditing the linear independene of Hk and
E(Hk−1) (see (3) above). Thus we are looking for the ex-
istene of a non-vanishing vetor eld on U(k)/U(k−1) =
S2k−1 that represents Nk. By a famous mathematial re-
sult of Adams [29℄, there is only a non-vanishing vetor
eld on S2k−1 for k = 1, 2, 4. The vetor elds on all
other spheres vanish in one point, whih would ontra-
dit (3). The ases k = 1, 2 are trivial, and k = 4 is
overed by our warm-up example. That ompletes the
proof. qed
CONCLUSION
Based on the fat that there is an ambiguity of the
unit element of a Lie group onneted with its Lie alge-
bra, the hope is raised that elements of SU(2n) generated
by Hamiltonians of su(2n) arrying n-body interations
an also be generated by Hamiltonians arrying at most
(n−1)-body interations. The ambiguity an be inter-
preted as equivalene lasses represented by multidimen-
sional spheres. Therefore, by transferring this problem
to a geometrial view and treating Hamiltonians as ve-
tor elds on the group, we ould show that the hope of
replaing unphysial multi-partile interations is void.
The entral idea of the proof is the theorem of Adams
[29℄ about vanishing vetor elds on spheres. The de-
gree of interation, whih is produed by the logarithm
of a unitary operation, annot be redued. Thus, for
n-qubit operations, n-body interations are needed. The
only way to avoid those interations is the deomposition
of unitary operations in terms of universal 2-qubit gates
for the prie of a higher number of operations. With
this insight we want to hallenge the theory of adiabati
quantum omputing [30℄, whih heavily relies on the im-
plementation of 3-body interations. Therefore, we want
to notie that the realization of the ideas of adiabati
omputing is daring if not impossible.
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